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regression simultaneously.
Cardiovascular diseases are the most frequent
cause of death in most countries [16]. In the
diagnosis of these pathologies, the cardiac ejection fraction (EF) is an essential measure. The
EF represents the volumetric fraction of blood
pumped out of the left ventricle (LV) and right
ventricle (RV) in a cardiac cycle [28]. The EF
d
s
× 100%, where V d
can be computed as V V−V
d
s
and V denote the largest and smallest volumes
of a ventricle, respectively, in a cardiac cycle. A
normal EF is in the range 55-70%. The EF may
be lower when a heart muscle is damaged due to
a heart attack, a heart muscle disease, or other
causes [28]. An EF of less than 40% may confirm
a diagnosis of heart failure. An EF of less than
35% increases the risk of life-threatening irregular
heartbeats that can cause a sudden cardiac arrest

CE
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Traditional regression methods minimize the sum of errors of samples with various regularization terms such
as the `1 -norm and `2 -norm. For the diagnosis of cardiovascular diseases, the cardiac ejection fraction (EF)
represents an essential measure. However, existing regularization terms do not consider the output correlation
(the correlation between ground truth volumes and estimated volumes w.r.t. each subject), which is beneficial
in estimating the cardiac EF. In this paper, we first propose a sparse regression with two regularization terms
of the `1 -norm and output correlation (SROC). Then, we propose a one-dimensional solution path algorithm for
quickly finding two good regulation parameters in the formulation of SROC. The solution path algorithm can
effectively handle singularities and infinities in the key matrix. Finally, we conduct experiments on a clinical
cardiac image dataset with 100 subjects. The experimental results show that our method produces competitive
and strong results for estimating the cardiac EF based on quantitative and qualitative analyses.
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Traditional regression methods minimize the
sum of errors of samples with certain regularization terms such as the `1 -norm and the `2 -norm.
Different regularization terms generate solutions
having different properties. For example, Lasso
[23] uses the `1 -norm to force solutions to be
sparse. Any features that have non-zero regression coefficients are selected. Ridge regression
[21] uses the `2 -norm to shrink the coefficients
of the correlated predictors toward each other.
Elastic net [34] uses both the `1 -norm and the `2 norm to achieve the properties of Lasso and ridge
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Figure 1. Regression analysis with the output
correlation used to predict EF. The estimated volumes with OC=99.8% achieve a better estimation of the EF than the estimated volumes with
OC=98.8%.
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A clinical subject is scanned by a scanner (including MRI, CT, and ultrasound), which will
produce nk (normally 20, as shown in Fig. 1)
frames throughout the cardiac cycle. Let Sk =
k
{(xi , yi )}ni=1
denote these nk frames, where xi ∈
d
R is a cardiac image, which is the sum of cardiac images at different slices, and yi ∈ R is the
ground truth LV/RV volume, which is computed
by adding the LV/RV areas at different slices
Sκ [24].
Assume that a set of samples is S = k=1 Sk ,
where κ denotes the number of clinical subjects.
We assume that the set S is generated by a linear regression model yi = xTi β + ε, where β is
the vector of model coefficients and ε is an i.i.d.
random variable with mean 0 and variance σ 2 .
For clinical subject data Sk , we define the output
correlation (OC) as follows.

Definition 1 The output correlation for clinical subject data Sk is defined as the correlation between the ground truth volumes

k

OC is beneficial for estimating the cardiac EF.
As shown in Fig. 1, the blue curve presents the
ground truth LV volumes of a modality sequence
with EF=63%. The red curve presents the estimated results by a sparse regression [23], which
minimizes the sum of errors of the LV cavity areas with the `1 -norm. From the figure, a poor
EF value of 49% is produced. This causes a misdiagnosis in that a normal patient is suspected
of having cardiovascular disease, even though
OC=98.8%. A higher OC reflects a stronger dependency between the ground truth volumes and
the estimated volumes. The EF is a special measure that only depends on both the largest and
smallest volumes in a cardiac cycle. Thus, a
higher OC would produce a higher estimation of
the EF. In practice, the EF can be improved to
61%, which is very close to the ground truth EF
of 63% if the OC is increased to 99.8%.
However, as previously mentioned, the regularization terms in traditional regression methods
do not consider the OC. Recently, several works
[1, 24, 31] have proposed to estimate the EF based
on the LV and RV cavity areas. For example, Afshin et al. [1] used artificial neural networks to estimate the LV cavity area. Wang et al. [24] used a
Bayesian formulation to estimate the LV and RV
cavity areas, respectively. Zhen et al. [31] used a
built-in feature selection regression method based
on random forests to estimate the LV and RV cavity areas. It should be noted that the volume V
is approximated
by integrating the cavity areas
P
as V = i Ai [24]. Summarizing, all the above
methods are dependent upon traditional regression methods, and they do not consider the OC.
As indicated in [31], feature selection plays an
import role in estimating bi-cavity areas. There
are three main categories of feature selection algorithms: wrappers, filters and embedded methods
[13]. Embedded methods are a catch-all group
of techniques that perform feature selection as
part of the model construction process. The exemplar of embedded methods for regression is
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LV Volume

EF=61%
0.4

and the estimated volumes.
Specifically,
the OC coefficient
ρ
is
computed
as ρk =
k



CR
IP
T

and a sudden cardiac death [28]. Effectively estimating the EF is highly significant in clinical
diagnoses.
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convex sparse matrix regression method. In our
experiments, we will compare the matrix regression method [26] with our SROC method.
The remainder of the paper is organized as follows. In Section 2, we propose our SROC. In
Section 3, we propose the solution path algorithm corresponding to SROC. In Section 4, we
present the experimental results on a cardiac MRI
dataset. Finally, in Section 5, we give some concluding remarks.
Notation: To make the notations easier to follow, we give a summary of the notations in the
following list.
βi , gi
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The i-th element of the vector β and
g.

xi,j , x
bk,i,j The j-th dimension of the vector xi
and x
bk,i .

M

Lasso regression [23], which is a classical sparse
regression method. In addition to Lasso, there
are several other state-of-the-art sparse methods.
For example, Wright et al. [25] and Shao et al.
[22] proposed sparse-representation-based classification methods. Zhu et al. [32] proposed a
feature selection method by combining the graph
regularizer and the `2,1 -norm regularizer. Zhu et
al. [32] proposed a block-row sparse multiview
multilabel learning framework for image classification. Liu et al. [15] proposed a sparse logistic
regression method for multi-label learning. An et
al. [2] proposed a sparse representation matching
method based on the `1 and `2 norms. For a comprehensive survey on sparse methods, please refer
to [29]. Because predicting the EF is a regression
problem, this paper focuses on the classical sparse
regression method, Lasso [7].
In this paper, we propose a new sparse regression with OC (SROC). We believe that this is
important for machine learning and medical applications. For machine learning, SROC incorporates OC as a regularization term, which is lacking in traditional regression methods. For medical applications, SROC is better able to estimate
the cardiac EF compared to traditional regression
methods. More specifically, we first propose our
SROC based on the `1 -norm and the OC. Then,
we propose a one-dimensional solution path algorithm for quickly finding two good regulation
parameters in the formulation of SROC. The solution path algorithm can effectively handle the
singularity and infinity in the key matrix. Finally,
we conduct experiments on a clinical cardiac image dataset with 100 subjects. The experimental
results show that our method produces competitive and strong results for estimating cardiac EF
based on quantitative and qualitative analyses.
It should be noted that robust regression methods [26, 27, 19] have recently been proposed. For
example, Yang et al. [27] proposed a regularized robust coding method that could perform robust regression with a regularized regression coefficient. Yang et al. [26] and Qian et al. [19]
proposed nuclear-norm-based matrix regression
methods that can be directly applied to images
and that do not need the matrix-to-vector conversion step. Zhang et al. [30] proposed a non-

3

|Sk |

The cardinality of a set Sk .

∆

QSS SS

The amount of change in each variable.
Pn
i=1 xi,j1 xi,j2 .

E +, E −

{1, · · · , d} − E + , and {1, · · · , d} − E − .

Qj1 j2

The sub-matrix of Q, with the rows
and columns indexed by SS .

Abbreviations: To make the paper easier to follow, we also give a summary of the abbreviations
in the following list.
EF

Ejection fraction.

LV

Left ventricle.

RV

Right ventricle.

OC

Output correlation.

SROC

Sparse regression with output correlation.

2. Sparse Regression with Output Correlation
As previously mentioned, the OC is beneficial for estimating the cardiac EF, and sparse
regression is the focus of this paper. Thus, we
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min
β

n
X
i=1

yi − xTi β

2

i=1

+ λ k β k1

(1)

AC

2.2. Formulation of SROC
As discussed in Section 1, the OC is beneficial
for estimating the cardiac EF. In this section, we
will incorporate the OC into the standard formulation of Lasso to better predict the value of the
cardiac EF.
To efficiently solve the new Lasso formulation, which incorporates the OC coefficient ρk ,
we use the standard deviation of the ground

1
|Sk |

P|Sk |
j=1

yj

2

to ap-

in ρk . Thus, a new Lasso-type learning formulation SROC is proposed as follows.
n
X

min
β

i=1

−λ2

yi − xTi β

2

k=1 i=1
1

(2)


|Sk |
X
xTi β − 1
xT β 
σk
|Sk | j=1 j

|Sk |
κ X
X
ybk,i
yi −

+ λ1 k β k1


P|Sk |
j=1

yj

|Sk |
where ybk,i =
. The formulation (2)
σk
can be further rewritten as

min
β

n
X
i=1

yi − xTi β

2

+ λ1 k β k1 −λ2

1
xT
i − |Sk |

P|Sk |

|Sk |
κ X
X

k=1 i=1

T
j=1 xj

ybk,i x
bTk,i β (3)

where x
bk,i =
. Obviously, the forσk
mulation (3) is not differentiable if a variable is
zero because of the `1 -norm. To design the solution path algorithm for SROC, (3) can be replaced by a differentiable function (4), similar to
[20], where β = β + − β − .
min
+
−

β ,β
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where k · k1 denotes the `1 -norm of a vector, which induces sparsity in the solution, and
λ ≥ 0 is a regularization parameter controlling
the amount of regularization applied to the estimate.
If λ = 0, Lasso degenerates to the minimization
of the unregularized empirical risk. On the other
hand, a very large λ will decrease β to zero, thus
leading to an empty or null model. In general,
moderate values of λ will cause some coefficients
to be exactly zero, and the other features that
have non-zero coefficients are ‘selected’ by Lasso.
As mentioned above, selecting a value of λ
plays an essential role in Lasso. A global searching of λ can be efficiently implemented by a solution path algorithm [20, 12] because one solution
in a solution path can act on an interval of the
regularization parameter in which the solutions
share the same linearity property. Thus, the solution path algorithm can effectively fit all the
solutions based on a finite number of representative solutions.

yi −

proximate the r
standard deviation of the estiP|Sk | T 2
P|Sk |  T
1
mated values
β
−
x
i
j=1 xj β
i=1
|Sk |
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2.1. Brief Review
Sκof Lasso
Let the set S = k=1 Sk = {(xi , yi )}ni=1 , which
is generated by a linear regression model yi =
xTi β + ε. ε is an i.i.d. random variable with mean
0 and variance σ 2 . The model is assumed to be
“sparse”. Specifically, some of the regression coefficients β are exactly zero. The formulation of
Lasso is presented as follows.

truth σk =

r
P|Sk | 
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first briefly review a classical sparse regression
method, i.e., Lasso, and then propose our SROC
based on Lasso and the OC. Finally, we give the
KKT conditions to the SROC.

n
X
i=1

−λ2
s.t.

d
X
2
yi − xTi (β + − β − ) + λ1
(βi+ + βi− )
i=1

|Sk |
κ X
X

ybk,i x
bTk,i (β + − β − )

k=1 i=1
−

β + ≥ 0, β

≥0

Obviously, (4) is a box-constrained quadratic programming problem, where the upper bounds for
β + and β − are ∞. Similar to Lasso, selecting the
values of λ1 and λ2 plays an essential role for the
function (4).
This paper will present a one-dimensional solution path algorithm for (4) to fit all the solutions based on a finite number of representative
solutions when ∆λ2 = δ∆λ1 .3 Then, we can use
cross validation with a hybrid method for oneparametric solution path searching on λ1 and grid
3δ

is a constant used to denote the coefficient of variation
between λ2 and λ1 .

(4)
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i=1

k=1 i=1
n
X
def
gj− =
xi,j
i=1

+λ2

|Sk |
κ X
X

k=1 i=1



gj+ ≥ 0 for βj+ = 0
gj+ = 0 for βj+ > 0


yi − xTi (β + − β − ) + λ1

ybk,i x
bk,i,j



(6)

=

PT

E+

=
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IP
T

def

=

{j ∈ {1, · · · , d} | gj+ ≥ 0, βj+ = 0} (8)

CE
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3. The Solution Path
Based on the KKT conditions (5)-(6), we
propose a one-dimensional solution path algorithm (i.e., Algorithm 1) for the box-constrained
quadratic programming problem (4), which includes two main parts:
1. establishing the initial solution for (4) when
λ1 = 0 and λ2 = 0, which is described in
Section 3.1,ad
2. exploring the solutions of (4) with ∆λ2 =
δ∆λ1 for all values of λ1 ≥ 0, which is described in Section 3.2.

n
X
i=1



xi,j xTi,E + ∆βE++ − xTi,E − ∆βE−− + ∆λ1

−∆λ2

∆gj−

def

=

n
X
i=1

{j ∈ {1, · · · , d} | gj+ = 0, βj+ > 0} (7)

Accordingly, the set {1,
 · · · , d} possesses the par−
−
−
tition π = E , E
according to the value of
gj− .

∆gj+

gj− ≥ 0 for βj− = 0
gj− = 0 for βj− > 0

According to the value of gj+ , a set {1, · · · , d} is


partitioned as π + = E + , E + , where
E+

3.2. Solution Path
When increasing λ1 , and λ2 , the weights βj+
indexed by E + and the weights βj− indexed by
E − should also be adjusted accordingly. Thus,
according to the KKT conditions (5)-(6), we have
the following linear system:

M

ybk,i x
bk,i,j

ED

−λ2

|Sk |
κ X
X

3.1. Initialization
When λ1 = 0 and λ2 = 0, it is easy to find that
(3) degenerates to the minimization of the sum of
squares errors, which corresponds
to solving the
Pn
linear system of equations i=1 xi yi − xTi β =
0. The solution of the linear system is β =

Pn
Pn
T −1
· ( i=1 xi yi ).
i=1 xi xi
Based on β, the solution of (4) with λ1 = 0
and λ2 = 0 can be obtained as follows: if βj ≥ 0,
βj+ = βj , βj− = 0; otherwise, βj+ = 0, βj− = −βj .

AN
US

searching on δ to quickly find good values for λ1
and λ2 .
2.3. KKT Conditions for SROC
As shown in [12, 20], each solution in a solution path is the optimal solution w.r.t. the corresponding value of the regularization parameter.
This subsection presents the necessary and sufficient conditions (i.e., the KKT conditions) for
the optimal solution of (4).
From the KKT theorem [3], we obtain the following equivalent conditions (5)-(6) for the optimal solution of (4):
n
X

def
gj+ =
−xi,j yi − xTi (β + − β − ) + λ1 (5)

5

|Sk |
κ X
X

k=1 i=1

ybk,i x
bk,i,j = 0,

∀j ∈ E +

ybk,i x
bk,i,j = 0,

∀j ∈ E − (10)



xi,j −xTi,E + ∆βE++ + xTi,E − ∆βE−− + ∆λ1

+∆λ2

|Sk |
κ X
X

k=1 i=1

If ∆λ2 = δ∆λ1 , the linear system (9)-(10) can be
written as

 + 
ξE +
QE + E +
−QE + E −
(11)
−QE − E + QE − E −
ξE−−
{z
}
|

=

"

(9)

Q

#
Pκ P|Sk |
−1 + δ k=1 i=1
ybk,i x
bk,i,E +
Pκ P|Sk |
ybk,i x
bk,i,E −
−1 − δ k=1 i=1

where ξE++ (ξE−− ) denotes the linear relationship
between ∆βE++ (∆βE−− ) and ∆λ1 .
There are two issues in directly solving (11).
As mentioned in [6, 17], solution path algorithms
frequently encounter a singularity in the key matrix because the data set is characterized by the
presence of linearly dependent points (in the kernel space), duplicate points, or nearly duplicate
points. Although the intersection of E + and E −
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n


X
is empty5 , our proposed solution path algorithm
∆gj− =
xi,j −xTi,E + ξE++ + xTi,E − ξE−− ∆λ1 + ∆λ1
would also encounter the singularity in Q when
i=1
some features in E + and E − are linearly depen|Sk |
κ X
X
dent or nearly duplicate. Another issue is that
def
+∆λ2
ybk,i x
bk,i,j = γj− ∆λ1
(14)
the determinant of Q is always near infinite when
k=1 i=1
the training data size is large; thus, computing
When adjusting λ1 while maintaining all the
the inverse of Q in a numerical computing enviKKT conditions, the following constraints should
ronment is not accurate.
be kept:
To address these two issues, we use the LU decomposition with partial pivoting [18] to compute
βj+ + ξj+ ∆λ1 ≥ 0, ∀j ∈ E +
(15)
(11). Specifically, the matrix Q can be decom+
+
+
posed as P Q = LU , where L is a lower triangular
(16)
gj + γj ∆λ1 ≥ 0, ∀j ∈ E
matrix, U is an upper triangular matrix, and P
−
−
−
βj + ξj ∆λ1 ≥ 0, ∀j ∈ E
(17)
is a permutation matrix that is multiplied with
−
−
(18)
gj + γj ∆λ1 ≥ 0, ∀j ∈ E −
Q to record the rows of Q. Thus, we can obtain
the following linear system according to (11) and
Thus, while holding the partitions π + and π − unsolve it for z:
"
# changed, we can compute the maximum adjust + 
Pκ P|Sk |
ment of ∆λ1 (denoted as ∆λmax
) according to
−1 + δ k=1 i=1
ybk,i x
bk,i,E +
ξE +
1
=P
LU
(12)
Pκ P|Sk |
−
(15),
(16),
(17),
and
(18).
ξE −
−1 − δ k=1 i=1 ybk,i x
bk,i,E −
| {z }
After computing the maximum adjustment
z
∆λmax
, we can easily fit β + , β − , g + , and g −
1
Note that we do not need to solve it for z by comw.r.t. λ1 in the interval [λ1 , λ1 + ∆λmax
], based
1
puting the inverse of L. Actually, the linear syson the linear coefficients ξE++ , ξE−− , γj+ , and γj− .
tem (12) for z is very easy to solve by an iterative
Thus, repeating this procedure for finding all such
process called forward substitution [18]. Specifiintervals by computing the maximum adjustment
cally, if rank(L) < |E + ∪ E − |, a general solution
∆λmax
, we derive a solution path algorithm for
1
+
−
with |E ∪ E | − rank(L) free parameters can be
problem (4) (i.e., Algorithm 1), which can fit the
obtained. However, the solution path algorithm
solution path of (4) for all values of λ1 when
only needs one solution. Therefore, we choose
∆λ2 = δ∆λ1 .
a specific
solution
z
and
solve
the
linear
system
 + 
ξE +
U
= z, to obtain ξE++ and ξE−− . Similar
ξE−−
Algorithm 1 Solution path of SROC
to (12), the linear system is also easily solved by
Sκ
Input: S, Se = k=1 Sk , δ.
an iterative process called back substitution [18].
Output: Solution path of β + and β − w.r.t. λ1 .
Substituting ξE++ and ξE−− into (9) and (10), we
1: Let λ1 = 0, λ2 = 0.
can obtain the following linear relationship be2: Initialize β + , β − according to Section 3.1.
tween ∆gj+ , ∆gj− and ∆λ1 :
3: Compute g + , g − , π + and π − .
Pd
n
+
−


X
4: while
i=1 (βi + βi ) > 0 & λ1 < ∞ do
∆gj+ =
xi,j xTi,E + ξE++ − xTi,E − ξE−− ∆λ1 + ∆λ1
+
−
5:
Compute ξE + , ξE − according to the LU dei=1
composition with partial pivoting.
|Sk |
κ X
X
6:
Compute γj+ , γj− according to (13)-(14).
def
−∆λ2
ybk,i x
bk,i,j = γj+ ∆λ1
(13) 7:
Compute ∆λmax
according to (15)-(18).
1
k=1 i=1
8:
Update λ1 , β + , β − , g + , g − , π + and π − .
5 When β is nonzero, without loss of generality, we let
9: end while
j

βj+ > 0. Then, we can easily derive that βj− must be zero.
Thus, it is easy to obtain that the intersection of E + and
E − is empty.
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Figure 2. 3 representative cardiac slices in the
short-axis view for each frame of an MRI scan.

features are extracted from the intensity to predict the cavity areas of LV and RV. Further, the
volumes are computed by integrating the LV/RV
cavity areas of the three representative slices in
the sagittal direction, as mentioned in [24]. The
manual segmentations are viewed as the benchmark.
Approaches Table 1 presents six approaches
used in our experiments. The first five approaches
are existing approaches, and the last approach
is our proposed approach. Note that NN and
RF are the abbreviations of Neural Networks and
Random Forests, respectively, and HOG (the abbreviation of Histogram of Oriented Gradients)
and PGF (the abbreviation of Pyramidal Gabor
Features) are two types of features specifically
used in [31]. NMR denotes the nuclear-normbased matrix regression method [26].

4. Experiments

PT

ED

M

3.3. Computational Complexity
In this section, we provide the computational
complexity of the solution path algorithm.
As mentioned in Algorithm 1, for each iteration, we need to solve the system of equations (11) of size |E + | + |E − | to compute
ξE++ and ξE−− , which mainly involves an LU
decomposition.
Based on the CoppersmithWinograd algorithm [8], the LU decomposition
involves O (|E + | + |E − |)2.37 computations. According to (13)-(14), the computation of γj+
and γj− requires O ((|E + | + |E − |)n) computations.
According to (15)-(18), the computation of ∆λmax
requires O (d) computations.
1
The updates of λ1 , β + , β − , g + , g − , π + and
π − require O (d) computations.
Thus, the
computational complexity of each iteration
is

O (|E + | + |E − |)n + (|E + | + |E − |)2.37 + d .
Similar to [12, 9], our experience shows that
the number of iterations in the solution path
algorithm is some small multiple of d. If the
average of |E + | + |E − | is s, the computational
complexity of the solution path algorithm is
O snd + ds2.37 + d2 . Because s  d, it is
clear that the computational complexity is mainly
dominated by the dimension number d.

7
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In this section, we experimentally evaluate our
SROC on a clinical cardiac image dataset. We
first give the experimental setup, and then, we
present our experimental results and discussion.
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4.1. Experimental Setup
Data Acquisition
As a reference modality for the non-invasive assessment of ventricular function, MRI supplies accurate information
on morphology, muscle perfusion, and blood flow.
In this paper, we mainly focus on MRI imagery to
compute the EF. Specifically, 100 clinical subjects
were scanned by a 1.5 T scanner. Each subject’s
data contains 20 frames throughout the cardiac
cycle. In each frame, three representative slices
[24] (i.e., apical, mid-cavity and basal; see Fig. 2)
are selected following the standard AHA prescriptions [4]. This generates 6000 MRI images, and
each image is 40×40 pixels. For each image, 1600

Table 1
Approaches used in our experiments.
Approaches Source Sparse Features
NN
[1]
no
image distance
Bayesian
[24]
no
template matching
RF
[31]
yes
intensity+HOG+PGF
NMR
[26]
yes
intensity
Lasso
[23]
yes
intensity
SROC
new
yes
intensity

Performance metrics We used two types of
criteria to measure the performance of each approach: one is the quantitative description, and
dk
the other is the qualitative description. Let EF
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1. Mean
Pκ
1
κ

Squared
Error
d k − EFk )2 ;
(
EF
k=1

2. Mean
Pκ
1
κ

Absolute
d k − EFk |.
|
EF
k=1

Error

(MSE):
(MAE):

Zero-one
Error
(MZE):
d k ) 6= G(EFk )];7
[G(
EF
k=1
κ
Pκ
d k ) − G(EFk )|.
2. MAE: κ1 k=1 |G(EF

M

1. Mean
Pκ
1

PT

ED

In a simplified case, both grades 1 and 2 are denoted as normal, and grades above 2 are marked
as abnormal. Then, we have the standard binary
classification error rate (BCER) [5].
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Table 2
A comprehensive grading system for the EF.
Range of EF Grade Description
0-35%
5
Severe dysfunction
35-40%
4
Moderate dysfunction
40-50%
3
Mild dysfunction
50-70%
2
Normal
70-100%
1
Hyperdynamic

Implementation The performances in terms
of both the quantitative description and the qualitative description were evaluated by a leave-onesubject-out validation approach, i.e., by training
an algorithm using the dataset with 99 subjects
and testing on the remaining one subject dataset,
similar to the approach employed in [1, 24, 31].
7 The

1. Essentially, Algorithm 1 is a onedimensional solution path algorithm. Thus,
an outer-layer 2-step grid searching is performed on δ. Specifically, the initial search
is performed on a 20 coarse grid linearly
spaced in the region {log2 δ| − 9 ≤ log2 δ ≤
10}, followed by a fine search on a 20 uniform grid linearly spaced by 0.1 in the log2 δ
space.
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A qualitative description of the EF is presented
in Table 2, which is a comprehensive grading system designed to diagnose patients [14]. Suppose
that G(EF ) denotes the grade of the EF value, as
presented in Table 2. We have the following metrics [11] for measuring the errors of the predicted
grades:

We implemented Algorithm 1 and NMR. In addition, we used the “lasso” function in the statistics
toolbox to implement the solution path of Lasso.
To select a good parameter pair λ1 and λ2 for
SROC on each training dataset, a two-layer 5fold cross-validation procedure was employed as
follows.

CR
IP
T

denote the predicted EF value of the k-th subject. We have the following quantitative description based metrics:

boolean test [·] is 1 if the inner condition is true and
0 otherwise.

2. For each value of δ, Algorithm 1 returns
a corresponding solution path w.r.t. λ1 .
Based on the solution path, an inner-layer
grid search is performed on λ1 . Specifically, the search is performed on a 4000
uniform grid linearly spaced in the region
{log2 λ1 | − 39 ≤ log2 λ1 ≤ 40}.

The second step of the above two-layer 5-fold
cross-validation procedure was also used to select
the regularization parameter λ in Lasso.
4.2. Experimental Results and Discussion
Usefulness of Algorithm 1 To demonstrate
the usefulness of Algorithm 1, we count the oce (denoted as Sincurrences of singularities in Q
e
gularity) and infinities in the determinant of Q
(denoted as Infinity) during the running of Algorithm 1, and we investigate the number of iterations in Algorithm 1 (denoted as Iterations)
over 20 trials. Table 3 presents the corresponding average numbers of Singularity, Infinity, and
Iterations under different training set sizes (i.e.,
480, 960, 1440, and 1920). From this table, we
find that both Singularity and Infinity occur with
a high probability. Algorithm 1 can handle Singularity and Infinity successfully and fit the entire solution path in a finite number of iterations.
In addition, we also measure the average running
time of Algorithm 1 under different training set
sizes. The results confirm that the computational
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complexity of Algorithm 1 is dominated by the
dimension number d.

CR
IP
T

RV EFs w.r.t. different metrics.
Quantitative (RV)
Qualitative (RV)
MSE
MAE
MZE MAE BCER
0.0321
0.1558
0.7964 1.758
0.34
0.0109
0.0863
0.56
0.75
0.21
0.0307
0.1491
0.75
1.48
0.24
0.0132
0.0912
0.5641 0.786
0.17
0.0139
0.0933
0.571 0.804
0.17
0.008
0.063
0.486 0.629 0.14
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Table 4
The performance of five approaches for predicting LV and
Quantitative (LV)
Qualitative (LV)
Approaches
MSE
MAE
MZE MAE BCER
NN
0.1185
0.3057 0.6044 1.253
0.23
Bayesian
0.0098
0.0622
0.33
0.42
0.11
0.0168
0.1057
0.55
0.91
0.16
RF
NMR
0.0131
0.0836
0.416 0.585
0.15
0.0143
0.0895
0.446 0.625
0.15
Lasso
SROC
0.0092 0.0613 0.326 0.412 0.11

9

of the EF, although it is a Lasso-type learning
algorithm in nature.
5. Conclusion

In this paper, we proposed a new sparse regression with OC (SROC). We believe that this is
important for machine learning and medical applications. For machine learning, SROC incorporates the OC as a regularization term, which
is lacking in traditional regression methods. For
medical applications, SROC is better able to estimate the cardiac EF than traditional regression methods. More specifically, we first proposed
SROC based on the `1 -norm and the OC. Then,
we proposed a one-dimensional solution path algorithm for quickly finding two good regulation
parameters in the formulation of SROC. Finally,
we conduct experiments on a clinical cardiac image dataset with 100 subjects. The experimental
results showed that SROC produces competitive
and strong results for estimating the cardiac EF
based on quantitative and qualitative analyses.
In the future, we plan to design a multi-task
Lasso learning algorithm that can incorporate the
strong correlation between the LV and RV volume
outputs to estimate the LV and RV EFs simultaneously. We also plan to design independent solution paths of λ1 and λ2 and extend the method
of bi-parameter space partitioning [10] to compute the solution surface w.r.t. both λ1 and λ2
for SROC.
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Table 3
The average numbers of Singularity, Infinity, and
Iterations and the average running time of Algorithm 1.
Size Singularity Infinity Iterations Time(s)
480
1100
0
1100
232
960
920
0
920
240
1440
0
1082
1103
236
1920
0
1222
1263
243
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Comparison with Other Methods The
results of the six approaches for predicting LV
and RV EFs on the metrics from the quantitative
and qualitative analyses are presented in Table 4.
From the results, we find that SROC achieves a
better performance in predicting the LV and RV
EFs than the other approaches (NN [1], Bayesian
[24], RF [31], NMR [26] and Lasso [23]). It should
be noted that the Bayesian method [24] uses template matching techniques, and the RF method
[31] utilizes other advanced features (i.e., HOG
and PGF). However, NMR, Lasso and SROC only
use the basic feature (i.e., intensity). Fig. 3
presents the manual EF values and the predicted
EF values of Lasso and SROC for LV and RV on
the first 56 subjects. The results show that SROC
produces a better prediction of the EF in most
cases compared to Lasso. This is because SROC
incorporates the correlation between the ground
truth volumes and the estimated volumes with
respect to each subject to improve the prediction
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Figure 3. The manual LV and RV EF values vs. the predicted EF values of both Lasso and SROC on
the first 56 subjects.
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