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Abstract. This study investigates active curve image segmentation with
a statistical overlap constraint, which biases the overlap between the nonparametric (kernel-based) distributions of image data within the segmentation regions–a foreground and a background–to a statistical description
learned a priori. We model the overlap, measured via the Bhattacharyya
coeﬃcient, with a Gaussian prior whose parameters are estimated from
a set of relevant training images. This can be viewed as a generalization of current intensity-driven constraints for diﬃcult situations where
a signiﬁcant overlap exists between the distributions of the segmentation regions. We propose to minimize a functional containing the overlap
constraint and classic regularization terms, compute the corresponding
Euler-Lagrange curve evolution equation, and give a simple interpretation of how the statistical overlap constraint inﬂuences such evolution.
A representative number of statistical, quantitative, and comparative
experiments with Magnetic Resonance (MR) cardiac images and Computed Tomography (CT) liver images demonstrate the desirable properties of the statistical overlap constraint. First, it outperforms signiﬁcantly the likelihood prior commonly used in level set segmentation. Second, it is easy-to-learn; we demonstrate experimentally that the Gaussian
assumption is suﬃcient for cardiac images. Third, it can relax the need
of both complex geometric training and accurate learning of the background distribution, thereby allowing more ﬂexibility in clinical use.

1

Introduction

Image segmentation is a fundamental task in medical image analysis [2]–[9],
[23]–[25]. It consists of partitioning an image into two regions: a target object
(foreground), for instance a speciﬁc organ, and a background. Level set functional
minimization, which uses an active curve to delineate the target object, has
resulted in the most eﬀective and ﬂexible segmentation algorithms [10]–[20],
mainly because it allows introducing a wide range of photometric and geometric
constraints on the solution. It has become very popular in medical image analysis
[2]–[9], [23]–[25] because there are several applications where anatomical entities
can be enclosed within a closed contour. Furthermore, the level set representation
of curve evolution extends readily to higher dimensions, and allows to compute
easily the geometric characteristics of objects.
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Level set segmentation consists of evolving a curve to delineate the target
object. The curve evolution equation is obtained by optimizing a functional
which, generally, contains a data term measuring the conformity of photometric
image data (e.g. intensity) within each region to a given statistical description.
Chan and Vese [1] pioneered a data term, which measures the conformity of
image data within each region to the piecewise constant model. Albeit applicable only to segmentation regions where image data is approximately constant,
the Chan-Vese model has established the potential of region-based active contours, and has been widely used in medical image analysis [2]–[5], [7]. More
generally, most of segmentation algorithms are stated as a Bayesian inference
problem [8]–[14], [21]–[22], [26] where optimization of the data term amounts to
maximizing the likelihood of the image. This corresponds to maximizing the conditional probability of pixel data given the assumed model distributions within
the object and background. The way of estimating model distributions divides
segmentation methods into two categories: unsupervised methods, where model
distributions are estimated from the current image along with the segmentation process, and methods using likelihood priors, where model distributions are
learned a priori1 from a set of segmented training images [8], [9], or interactively from user-speciﬁed pixels [21]–[22]. Embedding likelihood priors in image
segmentation has signiﬁcantly improved the performances of unsupervised methods [10]. It has led to promising results in medical image segmentation [8], [9],
[21]. Unfortunately, likelihood priors require both object and background models. This can be a limitation in medical image analysis because, within a class of
images depicting the same object, the background distribution generally undergoes high variations and, therefore, is diﬃcult to learn. More importantly, they
can not incorporate information about the overlap between the distributions
of image data within the object and background–they measure only pixelwise
information and, as such, are not suﬃcient to segment images where a significant overlap (or similarity) exists between the actual distributions within the
foreground and background (cf. the typical example in Fig. 1). Recent studies
have shown the advantages and eﬀectiveness of using distributions measures in
object tracking [18]–[20] and image segmentation [15]–[17]. In the context of
image segmentation, curve evolution is derived so that, at convergence, the ﬁnal
curve minimizes the overlap (or similarity) between the photometric distributions of the foreground and background regions [15]–[17].
Whether based the likelihood principle or distribution measures, existing segmentation methods assume, implicitly or explicitly, that the overlap between the
distributions of image data within the object and its background has to be minimal. The assumption of minimal overlap may not be valid in many applications in medical image analysis where segmentation is often complicated by the
similarity in photometric properties between the segmentation regions (cf. the

1

For instance, segmenting a class of images depicting the same organ and having
similar photometric patterns is common in medical image analysis [8]. In this case,
learning model distributions from segmented training images is very useful.
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typical example in Fig. 1). In this case, adding complex training-based geometric2
constraints to existing photometric constraints was inevitable to prevent curve
spilling and obtain satisfying results [5], [7], [8].
This study investigates image segmentation with a statistical overlap constraint, which biases the overlap between the distributions of photometric data
within the segmentation regions to a statistical description learned a priori. We
model the overlap, measured via the Bhattacharyya coeﬃcient, with a Gaussian
prior whose parameters are estimated from a set of relevant training images. The
overlap constraint can be viewed as a generalization of current intensity-driven
constraints for diﬃcult situations where a signiﬁcant overlap exists between the
intensity distributions of the foreground and background regions (cf. the typical example in Fig. 1). Used in conjunction with classic regularization terms,
the statistical overlap constraint is minimized by curve evolution via the EulerLagrange equation. A quantitative and comparative performance evaluation over
a representative number of experiments with Magnetic Resonance (MR) cardiac
images and Computed Tomography (CT) liver images demonstrate that the proposed constraint outperforms signiﬁcantly the likelihood prior commonly used
in image segmentation. Furthermore, it is easy-to-learn; we demonstrate experimentally that the overlap between the intensity distributions within the heart
myocardium and the background in cardiac images can be modeled accurately
with the Gaussian distribution (cf. Fig. 2 a and b). The proposed method can
relax, on one hand, the need of complex geometric constraints and, on the other
hand, accurate learning of the background distribution, thereby leading to more
ﬂexibility in clinical use.

2

The Proposed Statistical Overlap Constraint

Let Ix = I(x) : Ω ⊂ R2 → Z ⊂ R be an image function from the domain Ω to
the space Z of photometric variables. Let Γ (s) : [0, 1] → Ω be a closed planar
parametric curve. The purpose of this study is to evolve Γ in order to divide
Ω into two regions: Rin = RΓ , corresponding to the interior of Γ (foreground),
and Rout = Rcin = RcΓ , corresponding to the exterior of Γ (background). The
evolution equation of Γ is sought by optimizing a statistical overlap constraint.
To introduce such constraint, we ﬁrst consider the following deﬁnitions:
• Pout is the nonparametric (kernel-based) estimate of the distribution of

image data outside Γ
K(z − Ix )dx
∀z ∈ Z Pout (z) = Rout
,
(1)
Aout

where Aout is the area of region Rout : Aout = Rout dx. Typical choices of K are
the Dirac function and the Gaussian kernel [16]: K(y) =
h is the kernel width.
2

y2

√ 1
exp− 2h2
2πh2

, where

Geometric properties include object shape, spatial position, and inter-object spatial
relations.
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• B(f /g) is the Bhattacharyya coeﬃcient measuring the amount of overlap
between two statistical samples f and g

B(f /g) =
f (z)g(z)
(2)
z∈Z

Note that the values of B are always in [0, 1], where 0 indicates that there is no
overlap, and 1 indicates a perfect match.
We assume that the foreground region, i.e., the target object to be segmented,
is characterized by a model distribution, Min , which can be learned over a set
of training images and segmentation examples. Consider the following measure
of overlap between the sample distribution outside the curve (background) and
the model distribution of the object (foreground)

Pout (z)Min (z)
(3)
O(Γ , Min ) = B(Pout /Min ) =
z∈Z

In order to incorporate prior statistical information about the photometric similarities between the object and the background, we assume that O(Γ , Min ) is
a random variable following a Gaussian distribution
(O(Γ ,Min )−μ)2
1
2σ2
exp−
N (O(Γ , Min ), μ, σ) = √
2πσ 2

(4)

Parameters μ and σ are learned beforehand over a set of relevant segmented
training images diﬀerent from the test images (images of interest). Parametric
distributions other than the Gaussian distribution can be employed to model
the overlap prior. This would change the ﬁnal curve evolution equation, but
would not change the method conceptually. We will show in the experiments that
the Gaussian assumption is suﬃcient in many practical cases in medical image
analysis. For instance, the overlap between the intensity distributions within the
heart myocardium and the background in Magnetic Resonance Images (MRI)
can be modeled accurately with the Gaussian distribution (refer to Fig. 2 b).
We propose to minimize with respect to Γ a statistical overlap term which
measures the conformity of O(Γ , Min ) to a Gaussian model described
by μ and σ

(5)
F (O(Γ , Min ), μ, σ) = − log N (O(Γ , Min ), μ, σ)
The statistical overlap term can be viewed as a generalization of the distributionbased terms proposed recently for image segmentation [15], [16], [17], and object
tracking [18], [19], [20]. The particular case corresponding to μ = 0 is an explicit
form of assuming that the overlap between the intensity distributions of the
object and background is minimal. Such assumption is implicit in existing level
set segmentation methods. The proposed overlap term is more versatile than
existing data terms. It addresses cases in which a signiﬁcant overlap (cf. the
typical example in Fig. 1) exists between the intensity distributions within
the object and background and, as such, the ensuing algorithm is more widely
applicable than existing level set segmentation algorithms.
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We propose to minimize an active curve segmentation functional containing
the proposed statistical overlap term and classic regularization terms [1], namely,
the length of curve Γ and the area of the region within Γ


ds + ν
dx,
(6)
EO = λF (O(Γ , Min ), μ, σ) + α
Γ

Rin

where λ, α, and ν are positive constants to weigh the contribution of each
constraint.

3

Minimization Equation via Curve Evolution

The curve evolution equation is obtained by minimizing EO with respect to Γ . To
this end, we derive the Euler-Lagrange gradient descent equation by embedding
curve Γ in a one-parameter family of curves: Γ (s, t) : [0, 1] × R+ → Ω, and
solving the partial diﬀerential equation:


∂ Rin dx
∂ Γ ds
∂Γ
∂EO
∂F (O(Γ , Min ), μ, σ)
=−
= −λ
−α
−ν
, (7)
∂t
∂Γ
∂Γ
∂Γ
∂Γ
O
where t is an artiﬁcial time parameterizing the descent direction, and ∂E
∂Γ denotes the functional derivative of EO with respect to Γ .
To derive the ﬁnal curve evolution equation, we need to compute the functional
derivative of the statistical overlap term with respect to Γ . We have

(O(Γ , Min ) − μ)
∂O(Γ , Min )
∂F (O(Γ , Min ), μ, σ)
=
2
∂Γ
2σ F (O(Γ , Min ), μ, σ)
∂Γ
Now we need to compute

(8)

∂O(Γ ,Min )
∂Γ

in (8). We have


1
Min (z) ∂Pout (z)
∂O(Γ , Min )
=
∂Γ
2 z∈Z Pout (z) ∂Γ

(9)

,Min )
out (z)
To derive the ﬁnal expression of ∂O(Γ∂Γ
, we need to compute ∂P∂Γ
. To this
end, we use the result in [26], which shows that for a scalar function g and a curve
Γ , the functional derivative with respect to Γ of the integral of g over the region
∂

g(x)dx

out
= −g (Γ (s, t)) n(s, t), where
outside Γ , i.e., RcΓ =Rout , is given by R∂Γ
(s,t)
n(s, t) is the outward unit normal to Γ at (s, t). Applying this proposition to

out (z)
Aout and Rout K(z−Ix )dx in ∂P∂Γ
yields, after some algebraic manipulations

1
∂Pout (z)
=
Pout (IΓ (s,t) ) − K(z − IΓ (s,t) ) n(s, t)
∂Γ (s, t)
Aout

(10)

Embedding (10) into (9), and after some algebraic manipulations, we obtain:


1
Min (z)
∂O(Γ , Min )
=
dz n(s, t)
K(z − IΓ (s,t) )
O(Γ , Min ) −
∂Γ (s, t)
2Aout
Pout (z)
z∈Z
(11)
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Using (11) and the classic derivative of the regularization terms [1] in (8) gives
the ﬁnal curve evolution equation:
∂Γ (s, t)
(O(Γ , Min ) − μ)
={ 2
∂t
2σ F (O(Γ , Min ), μ, σ)


Overlap constraint inf luence

λ
2Aout





K(z − IΓ (s,t) )
z∈Z



Min (z)
dz − O(Γ , Min )
Pout (z)

F low optimizing the overlap measure O(Γ ,Min )

+ ακ(s, t) − ν}n(s, t),


(12)

where κ(s, t) is the mean curvature function of Γ . Note that O(Γ , Min ), Pout ,
and Aout depend on the curve and, consequently, need to be updated along with
the evolution process. The level-set framework [27] is used to implement the
evolution equation in (12). Level sets have well-known advantages over explicit
curve discretization and can be eﬀected by stable numerical schemes [27].
Interpretation: Let us give an interpretation of how the overlap constraint
guides the curve. The learned mean μ inﬂuences the sign of the multiplicative
coeﬃcient (overlap constraint influence) aﬀected to the ﬂow optimizing the over,Min )
. This coeﬃcient is negative when the
lap measure O(Γ , Min ), i.e., ∂O(Γ∂Γ
overlap O(Γ , Min ) is superior to its most likely value μ. In this case, the overlap
constraint results in a curve evolution which decreases O(Γ , Min ). By contrast,
when O(Γ , Min ) is inferior to μ, the coeﬃcient becomes positive and the curve
evolution increases O(Γ , Min ). The overlap constraint leads to a curve evolution which keeps O(Γ , Min ) close to its most likely value. The learned variance
σ aﬀects the weight of the overlap constraint. The smaller σ, the higher such
weight. This is intuitive because a small variance σ indicates that μ is a reliable
estimation of the overlap and, as such, it gives more importance to the overlap
constraint ﬂow. On the contrary, a high variance gives more importance to the
other functional terms.
3.1

Experiments

To demonstrates clearly the advantage of using overlap constraint over commonly
used likelihood priors [8], [9], [21], [22], we ﬁrst give a typical example. Then we
describe a quantitative and comparative performance evaluation over a representative number of experiments on cardiac images. Evaluation of the segmentation
method we propose, referred to as Overlap Constraint Method (OCM), is supported by extensive comparisons with a Likelihood Prior Method (LPM). The
same training images, curve initializations, and parameters were used for both
methods. We also demonstrate experimentally that the overlap prior is easy-tolearn in an important application, namely segmentation of the Left Ventricle
(LV) in cardiac Magnetic Resonance Images (MRI), where the overlap between
the intensity distributions within the heart myocardium and the background
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can be modeled accurately with a Gaussian distribution. Finally, we show a representative sample of the tests with Computed Tomography (CT) images and
cardiac MRI, which illustrates the eﬀectiveness of the proposed method.
Overlap constraint vs. likelihood prior: We ﬁrst show a typical example of
our extensive testing with cardiac MRI. Fig. 1 (a) depicts the expected (manual) segmentations of the LV cavity (region inside the green curve) and the
myocardium (ring between the green and blue curves). Fig. 1 (b) illustrates the
signiﬁcant overlap between the intensity distributions of the myocardium, considered as a foreground (or object), and the background. Our purpose is to use
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Fig. 1. A typical example of the Left Ventricle (LV) segmentation. First line: (a) expected (manual) delineations of the LV (region inside the green curve) and the myocardium (ring between the green and blue curves); (b) overlap between the intensity
distributions of the myocardium and the background (region outside the green curve);
(c) manual LV segmentation. Segmentation with the overlap constraint, i.e., with OCM
(second line): (d) initial (green) and intermediate (yellow) curves; (e) curve obtained at
convergence; (f) LV segmentation with OCM. Segmentation with the likelihood prior,
i.e., with LPM (third line): (g) initial (green) and intermediate (yellow) curves; (h)
curve obtained at convergence; (i) LV segmentation with LPM. μ = 0.72, σ = 0.037,
λ = 103 , α = 10, ν = 0.1. The overlap constraint prevents the curve from spilling.
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Fig. 2. (a)–(b) Training over a set of 100 manually segmented cardiac images
(B measures the overlap between Min and the background distribution in manually
segmented training images): (a) B as a function of the image number; (b) ﬁt between
the Gaussian model (μ = 0.72, σ = 0.037) and the empirical (nonparametric) distribution of the overlap measure B in the training set. (c) Quantitative and comparative
performance evaluation: Dice Metric as a function of the test image number for both
OCM (Overlap constraint) and LPM (Likelihood prior). λ = 103 , α = 10, ν = 0.1.
Table 1. Segmentation accuracy: Dice measures of similarity between manual
and automatic segmentations. The higher the Dice metric, the more accurate the
segmentation.
Dice metrics
Mean Std
Overlap constraint (OCM) 0.95 0.026
Likelihood prior (LPM) 0.68 0.15

prior information on the overlap between the distributions of the myocardium
and the background to automatically detect the interface between them (the
green curve), and hence segment the LV depicted in Fig. 1 (c). The latter task
is of capital importance in the analysis of cardiac images.
Training: We ﬁrst proceeded to learning the model distribution of the myocardium, Min , and the parameters of the overlap constraint, μ and σ, over a
set of 100 manually segmented training images obtained from 5 diﬀerent subjects. In Fig. 2 (a), we plotted the measure of overlap between Min and the
background distribution versus the training image number. Such overlap does
not vary much and, as shown in Fig. 2 (b), can be modeled accurately with
a Gaussian distribution. Our training yielded an overlap mean μ = 0.72 and
standard deviation σ = 0.037. These overlap parameters were used for all our
tests on cardiac images. Note that the training images are diﬀerent from the test
images.
Likelihood Prior: The likelihood prior has been commonly used in image segmentation as a data term, such as in [8], [9], [21], [22], and many others. We
proceeded to a comparison between the proposed method (OCM) and a Likelihood Prior Method (LPM) that corresponds to minimizing the following active
curve functional:
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Fig. 3. A representative sample of the tests: height examples of the left ventricle segmentation. λ = 103 , α = 10, ν = 0.1. The proposed overlap constraint prevents the
curves from spilling into the background, which yielded accurate segmentation results,
although no additional training-based geometric constraints were used.


EL = −λ




log Min (Ix )dx +
log Mout (Ix )dx +α
ds + ν
dx,
Rin
Rout
Γ
Rin




Likelihood prior

(13)
i.e., we replaced our overlap constraint in (6) by a commonly used likelihood
prior. The latter minimizes minus the image log-likelihood, i.e., maximizes the
conditional probability of pixel intensity given the assumed model distributions,
Min and Mout , within, respectively, the foreground and background. The same
training images, segmentation examples, curve initializations, and weighting parameters were used for both methods (OCM and LPM). Note that, diﬀerent
from our method, LPM needs a prior estimation of the background model distribution Mout . For the tests we run with LPM for comparisons, we used the
actual background distribution, i.e., the correct distribution estimated from a
manual segmentation of the current test image. Note that this is advantageous
to LPM and would not bias our comparative appraisal of the proposed method.
Weighting parameters: The parameters weighting the relative contribution of
the intensity terms and the regularization terms were ﬁxed for all the experiments: λ = 103 , α = 10, ν = 0.1.
Quantitative and comparative evaluation: The typical example in Fig. 1
demonstrates clearly the advantage of using an overlap constraint over a likelihood prior. The third line in Fig. 1 depicts segmentation results with the LPM.
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Fig. 4. Liver segmentation. First example (a)–(f): (a) initial curve; (b) iteration
400 (intermediate); (c) iteration 800 (intermediate); (d) iteration 1600 (ﬁnal curve);
(e) obtained liver segmentation; (f) evolution of the overlap measure during curve
evolution: B = O(Γ , Min ) as a function of the iteration number. Overlap measure
obtained at convergence: B = 0.51. Second example (i)–(k): (i) initial curve; (j)
intermediate curve; (k) ﬁnal curve. Overlap measure obtained at convergence: B =
O(Γ , Min ) = 0.50. Parameters for both examples: μ = 0.47, σ = 0.03 (μ and σ were
learned from 6 images). λ = 103 , α = 10, ν = 0.1.

Fig. 1 (g) shows initial (green) and intermediate (yellow) curves. The ﬁnal curve
at convergence with the LPM is displayed in Fig. 1 (h), and the corresponding
left ventricle segmentation in (i). As expected, parts of the background, which
have intensity proﬁles similar to the myocardium, were included inside the ﬁnal
curve. The result with the LPM is aﬀected by the signiﬁcant overlap between
the distributions of the myocardium and the background (Fig. 1 (b)). By contrast, the proposed method delineated accurately the left ventricle (Fig. 1 e) and
yielded a result (Fig. 1 (f)) which is very similar to the manual segmentation
(Fig. 1 (c)). The proposed overlap constraint prevents the curve from spilling

Level Set Image Segmentation with a Statistical Overlap Constraint

599

into the background, thereby relaxing the need of complex geometric training.
Initial (green) and intermediate (yellow) curves are depicted in (d).
To demonstrate that the overlap constraint is an eﬀective alternative to the
likelihood prior, we proceeded to a quantitative and comparative performance
evaluation over a representative number of experiments. We run tests with both
OCM and LPM on 10 cardiac MR images obtained from 10 diﬀerent subjects.
Performance analysis was carried out by assessing the similarities between automatic segmentations, obtained with both OCM and LPM, and independent
manual segmentations approved by a radiologist. We used the Dice Metric (DM)
to measure the similarity between manual and automatic segmentations. Let Aa ,
Am and Aam be the areas of, respectively, the automatically detected region,
the corresponding hand-labeled region and the intersection between them. DM
am
. Area measurements are expressed as the number of pixis given by A2A
a +Am
els within the region. Note that DM is always in [0, 1], where DM equal to 1
indicates a perfect match between manual and automatic segmentation. Our
method yielded a DM equal to 0.95 ± 0.026, whereas LPM gave a DM equal to
0.68 ± 0.15 (refer to table 1). DM is expressed as mean ± standard deviation.
Fig. 2 (c) plots the obtained DM as a function of the test image number for both
LPM and OCM. The higher DM, the more accurate the segmentation result.
Using the same training images, curve initializations, and weighting parameters
for both methods, the proposed method (OCM) outperforms significantly LPM.
A representative sample of the tests: Here following a representative sample of the results obtained with the proposed method in two challenging segmentation tasks: left ventricle segmentation in MRI and liver segmentation in
Computed Tomography (CT) images.
Left ventricle segmentation in MRI: In Fig. 3, we give a representative sample of the tests we run with cardiac images for visual inspection. The green
curve represents Γ at convergence. The proposed overlap constraint prevents
the active curves from spilling into the background, which yielded accurate left
ventricle segmentation results, although no additional training-based geometric
constraints were used.
Liver segmentation in CT images: Liver segmentation is challenging and has
recently attracted research attention [25]. We applied our method to liver segmentation in CT images. The overlap constraint parameters were learned from
six training images independent from the test images: μ = 0.47 and σ = 0.03.
Fig. 4 depicts two typical examples. For the ﬁrst example, initial curve, two
intermediate steps, and the curve obtained at convergence are shown, respectively, in Figs. 4 (a), (b), (c), and (d). The obtained liver is depicted in (e).
In Fig. 4 (f), we plotted the optimized overlap measure, B = O(Γ , Min ), as a
function of the iteration number. At convergence, the obtained overlap measure
is equal to 0.51, and is close to the learned overlap mean μ. Although parts of
the background have intensity proﬁles similar to the liver, the proposed method
yielded an accurate segmentation. The second example of our tests on liver images is depicted in Figs. 4 (i)–(k). Initial curve, one intermediate step, and the
curve obtained at convergence are shown, respectively, in Fig. 4 (i), (j), and (k).
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The proposed method delineated accurately the liver as visual inspection can
show. The overlap measure obtained at convergence is equal to 0.50, and is also
close to μ. These results demonstrate the eﬀectiveness of the proposed method
in various challenging image segmentation tasks.

4

Conclusion

We investigated a statistical overlap constraint for active curve segmentation.
This led to an algorithm that relaxes the assumption of minimal overlap and, as
such, is more widely applicable than existing level set algorithms. A representative number of statistical, quantitative, and comparative experiments demonstrated the desirable eﬀects of the statistical overlap constraint.
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